Using our recent bosonic realization of U q ( sp 2n ), we construct explicitly the vertex operators for the level −1/2 modules of U q ( sp 2n ) using bosonic fields. Our method contains a detailed analysis of all the q-intertwining relations.
Introduction
The q-vertex operators play a crucial role in the mathematical formulation of the solvable lattice models (cf. [10] ) and in the theory of q-KZ equations [8] . In particular the method works well when the explicit bosonization is available (cf. [16] ).
The program of realization of vertex operators was carried out for many quantum affine algebras of classical types for both untwisted and twisted types at level one irreducible modules in [19] [14] [12] [15] , and level two irreducible modules of U q ( sl 2 ) in [9] [14] .
Recently we have given an explicit bosonic realization of the quantum affine algebra U q ( sp 2n ) by admissible representations of level −1/2 in [13] . This realization is a q-analogue of the Feingold-Frenkel construction [4] of affine symplectic algebras and also generalizes the result of U q ( sl 2 ) in [20] .
In this paper we use this explicit realization to construct q-vertex operators associated with the admissible representations. Admissible representations are generalizations of the integrable (integral levels) modules to those with levels of rational numbers [18] . Their characters are also modular functions.
Our construction has a new feature different from previous cases of positive levels. The intertwining relations are much harder to prove in our case due to appearance of poles in the contraction functions, while in the level one case they are consequences of some coproduct relations of Drinfeld generators. We give a detail analysis of the dependency among the intertwining relations and single out the key relations between the 0-vertex and the highest component of the vertex operators. These key relations are then proved by a long chain of q-commutation relations of the algebra and the operators. The method clearly works for all other cases we mentioned above, and thus is completely general by its own means.
It is still unclear what physical models our vertex operators will describe. We only have an imbedding of V (µ i ) into V (µ j ) ⊗ V z instead of isomorphism in level one cases. It will be interesting to find out exactly how the level −1/2-modules are imbedded in ⊗ ∞/2 V . It is clear that our q-vertex operator components generate a q-Weyl algebra. It would also be interesting to construct U q (C (1) n ) from this q-Weyl algebra, which is regarded as one direction of the so-called boson-fermion correspondence (cf. [5] ). In this aspect the work of [1] [2] may be useful, where the similar problem for q-Clifford algebras was studied.
The paper is organized as follows. In section 2 we review the Feingold-Frenkel construction and discuss the equivalent form in terms of scaler fields. It is the latter form we quantized in [13] and recalled in section 3. The main results are also stated in section 3. In section 4 we start our analysis of the intertwining relations and reduce them to a few key relations, and point out that we only need to prove one of them. In the final section we prove the key relation.
2 Feingold-Frenkel construction of sp 2n and vetex operators.
In this section, we review the Feingold-Frenkel construction of sp 2n in terms of the bosonic β-γ system and describe the relations between the bosonic β-γ system and vertex operators associated with the vector representation.
We set the following generating function for X ∈ sp 2n .
Feingold-Frenkel construction.
As an index set, we set I = Z or Z + . We introduce n copies of the bosonic β-γ systems, which are the set of operators β i (k), γ i (k) (i = 1, · · · , n, k ∈ I) satisfying the defining relations:
The Fock representation F β-γ is generated by the vacuum vector |vac with the following defining relations.
Let β i (z), γ i (z) be the generating functions:
Following [4] , we define the action of sp 2n on F β-γ by
where : : is the normal ordering defined by
Then we have the following theorem.
Here L(λ) is the irreducible highest weight sp 2n -module with the highest weight λ, Λ i is the i-th fundamental weight and δ is the canonical imaginary root. Highest weight vectors are given by |vac , β 1 (− It is known that the bosonic β-γ system can be expressed by φ i1 (z) and φ i2 (z) as follows ( [7] ):
We then obtain the Fock space of the bosonic β-γ system by taking Ker Q − i for all i = 1, · · · , n with some charge constraints. Here Q − i is the operator : e −φ i2 (z) : dz. The correspondence with Y i (z) and Z i (z) in section 3 is as follows:
3 Bosonic construction of U q (C
n ) and q-vertex operators.
In this section, we review the bosonic construction of U q (C (1) n ) in [13] and give a bosonization formula of the corresponding q-vertex operators.
Quantum affine algebras
Let P be a free Z-lattice of rank n + 2 and we denote the basis by ε 1 , · · · , ε n , d, δ. The nondegenerate inner product on P is given by
We set the simple roots α i and coroots h i by
Then the matrix ((h i |α j )) 0≤i,j≤n is the generalized Cartan matrix of type C
n . The fundamental weights Λ 0 , · · ·, Λ n and their classical parts λ 1 , · · ·, λ n are given by Λ 0 = d,
Let P * , P and Q be the sublattices of P defined as follows.
The quantum affine algebra U q (C
n ) is the associative algebra with 1 over C(q 1/2 ) generated by the elements q h (h ∈ P * ), e i , f i , (i = 0, 1, · · · , n) satisfying the following defining relations.
Here
and t i = q
In this paper, we use the following comultiplication.
Throughout this paper, we denote U q (C
n ) by U q and denote by V (λ) the irreducible highest weight U q -module with highest weight λ. We fix a highest weight vector of V (λ) and denote it by |λ . If W i (i = 1, 2) has a weight decomposition W i = ⊕ ν W i,ν , their completed tensor product is then defined by
Let a i (m) and b i (m) be the operators satisfying the following defining relations.
We define the Fock space F λ n , β ∈ P by the defining relations
where |α, β is the vacuum vector. The grading operator d is defined by
We set
Zλn,β∈P
Let e a i = e α i and e b i (1 ≤ i ≤ n) be operators on F given by:
Let : : be the usual bosonic normal ordering defined by
: e a a i (0) :=: a i (0)e a := e a a i (0) .
and similar normal products for the b i (m)'s. Let ∂ = ∂ q 1/2 be the q-difference operator:
We introduce the following operators.
We define the operator
Remark. Our a i (k) differs from that in [13] , where we took
under the action defined by
Furthermore, we know that F contains the four irreducible highest weight modules ( [13] ). Let F 1 α,β be the subspace of F α,β generated by a i (m) (i = 1, · · · , n and m ∈ Z). Simularly, let F 2,j α,β (j = 1, · · · , n) be the subspace of F α,β generated by b j (m) (m ∈ Z). We can define the following isomorphism by |α, β ⊗ |α
We set subspaces F i (i = 1, 2, 3, 4) of F as follows.
where
Theorem 3.2 ([13]) Each
The highest weight vectors are given by
q-vertex operators
We recall the evaluation U q (C
n )-module V z . Let V be a 2n dimensional vector space and
n ) on V z is defined as follows.
The q-vertex operator is a U q -homomorphism of one of the following types.
We define the components Φ µV λ i (z), Φ µV λ i (z) of the q-vertex operators as follows.
For the type II, the components are defined similarly. We take the following normalization.
We also introduce the elements a 1 (k) in the Heisenberg algebra such that
Theorem 3.3 1) For the type one vertex operators associated to
, and (µ 4 , µ 3 ) respectively, one has
where c ij are constants for the four cases (µ i , µ j ) with c 12 = 1.
2) The type two vertex operators are given by Proof. The proof of intertwining relations will be given in Section 4 and 5 on the spaceF . We will only give the argument for the type I case, and type II case can be treated similarly word by word as in case I. It is obvious that each components of the vertex operators commute or anticommute with Q − j , thus the results are passed to the irreducible modules V (µ i ). 
Analysis of intertwining relations
The vertex operator Φ(z) =
With the construction of Φ 1 (z) given in (4), we define the other components:
In order to study q-commutators, we recall the following identities from [11] : (15, 16, 17) and satisfy the relations:
Then we have for
where we identify
Proof. Using relations of the quantum affine algebras U q (C
n ), we have for j = i − 1:
where we used induction to get [Φ i+1 , e j ] = 0 for j = i in the second equality. Similarly we can prove the commutation relations of Φ i (z) and e n for i = n, n. Now we consider the relations between Φ i (z) and f j . It follows from (19) that
Then the relation (11) is true: when i = j is the definition; i = j +1 follows from Proposition 4.3, and other cases are derived from the relation.
Now let use induction on i. The initial step i = 2 is Proposition (4.3). From the induction hypothesis [Φ i−2 (z), f i−1 ] q 1/2 = 0, we see the above commutation turns to:
by Serre relation Clearly we have
by (11) where we used induction on i in the second equality. Similarly we can check that [Φ j (z), f 0 ] = 0 for j = 1 by induction. Next we claim that [Φ 1 (z),
In fact, given the former we have that
With the relations of
where we have used induction on n − i and i ≤ n − 2. When i = n, n − 1 we can compute similarly. For example,
The other cases of [Φ i (z), f j ] q −δ ij +δ i,j+1 j = Φ j (z)δ i−1,j are shown similarly.
Proposition 4.2 The operator Φ(z) (cf. (4)) satisfy the following relations:
Proof. The first set of relations follow from our construction. We only need to see i = 1 in the second set. Writing Φ 1 (z) =
. The third relation is another form of the following identity. 
Proof. It follows from (25, 26) that
Then we have
Note that the contraction function is antisymmetric respect to z 1 → z 2 when ǫ 1 = ǫ 2 . Therefore,
Furthermore when ǫ 1 = −ǫ 2 we have
which is also antisymmetric with respect to z 1 , z 2 . We thus have that
In the last section we have shown that we are left to check only the relation in the section title. The key of the the proof are the q-commutation relations (18) and (19) (cf. [11] ). As in [11] we introduce the twisted commutators [
In this notation we have that
Proof. From the Serre relations [X
Proof. Following [3] , for y ∈ End(F ) we define q-adjoint operators ad X
We can directly check by Serre relations that
We now prove the identity by induction on i. i = 1 is the Serre relation:
where we have used (28-29). From (19) and 
Proof. The proof is by induction and similar to that of Lemma 5.2, but with the q-adjoint operators T 
The case of i = 1 is exactly the Serre-like relation (cf. Prop. 4.3):
Noting that T i (Φ 1 (z)) = 0 for i ≥ 2, we have
where we have used induction on i. Then we have for
by (19) and (33) 2 Lemma 5.4 For i ≤ n − 2 we have
Proof. From Lemma 5.2 and (11) it follows that
where we used Lemma 5.2, the fact of Φ 1 (z) commuting with X − i (0) for i ≥ 2 (cf. 11) and (27). Invoking the definition of Φ i (z) and converting the q-commutators, we obtained the required identity. 2 Lemma 5.5 For i ≤ n − 2 we have 
